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JAundpepeHunabHO-PA3HOCTHBIN METOJ UCCJICI0BAHUSA
npoueccos 1u¢py3uu MaTepuaioB.
Maprsimenko B.A.

(BoenHas akaaeMus pagualliOHHON, XMMHUECKOHN U
0aKTEepUOJIOTUYECKON 3alUThl U UHKEHEPHBIX BOMCK)

[Iponeccsl muddy3un B TpPEeXMEPHOM TEOMETPUUECKOM IMPOCTPAHCTBE
OMMHCHIBAOTCS AU HEepeHITNaTLHBIMI YPABHCHUSIMU B YAaCTHBIX TPOW3BOIHBIX,
cozepkamux (YHKIIUHA OT YETHIPEX HE3aBUCHUMBIX MEPEMEHHBIX, TPH M3 KOTOPHIX
COOTBETCTBYIOT T€OMETPUUECKHUM, a YETBEPTAsI — BPEMEHHOW NIEPEMEHHBIM.

AHaIUTHYECKOE PEIIEHUE HA OCHOBE ATHX YPABHEHUM BO3MOXKHO TOJIBKO
JUIE  O4E€Hb IPOCTBIX 4YAaCTHBIX 3amay. [loaTomMy mNpuUHUMNMATBHO pENICHUE
YPaBHEHUI BO3MOKHO TOJIBKO YUCIEHHBIMU METOJAMHU.

JUisi  TMOIMMEpHBIX  TUICHOYHBIX  MaTepHalioB  siBiieHHe  auddys3uu
HCCIIENYIOTCS, KAaK MPaBWJIO, B HAIPABICHUM TOJIIIMHBI MaTepuayia, TO €CThb B
r€OMETPUYECKOM OTHOIIEHUU 3a/iaya SIBIAECTCS OJHOMEPHOW ( WM JIMHEWHOU B
OTJIMYUH OT TJIOCKOCTHOU MM 00BEMHOM).

VYpaBuenue quddysun umeet Bu [1, 2, 3 ]

au(x,t)/at= D d°u(x,t)/ox* K u(xt), (1)
u(x,t) — pyskums noroka,
D - Ko3(ppuument nudpdysuu,
k - K03 (PULIMEHT KOHBEPCHUH.

@Oyukius U(x,t), ynosnerBopsitolmas ypaBHenuto ( 1), momkHa o0iamaTh
CBOMCTBOM HEPa3pbIBHOCTH M HEIMPEPHIBHOCTH U MOJYMHEHA HAYaJIbHBIM H
KpPaeBbIM yCIIOBUSAM 33Ja4H.

[Ipu yucnenHom uccienoBanuu ypaBHeHus (1 ) ctpoutcs: mpubOIUKEHHOE
pElIeHNE HAa OCHOBE JUCKPETU3ALMHM HE3aBHCUMBIX W 3aBHCHMBIX NEPEMEHHBIX.
Ecnu  nuckperusanusi TPOU3BOAMTCS Ui ABYX HE3aBUCHMBIX INEPEMEHHBIX, TO
MOJTy4yaeTcsl ceToyHas o0JacTh, COBNAJAAIOIIas C JIEHCTBUTENIBHON 007acTbhio B
KoopauHatax X-t. B y3max ceTkum (UKCHPYIOTCS HE3aBHCUMBbIE KOOPAUHATHI U
(yHKIMA Ujj C MPOU3BOAHBIMHM Pa3IM4YHBIX IOPAOKOB. BbIpaxeHus i
IPOU3BOAHBIX (YHKIIMM MOTYT OBITh MpPEACTaBICHBI B BHUJE MOJIMHOMOB 4epes
y3JI0BbI€ 3HA4Y€HHUS (PYHKUIMU B COCEAHMX y3iaX. TOUYHOCTh TaKUX BBIPAKEHUU
ONpENENSIETCS] KOJUYECTBOM Y3JIOBBIX 3HAYEHUW (YHKUMU W IIAraMu CETKU IO
KOOPJMHATHBIM OcsiM. TakuMm 00pa3oM, BMECTO JeHCTBUTEIbHON (yHKImH U(X,t)
BBOJUTCSA €€ aHallol — CETOYHAasl (PYHKIMS, MNPEACTaBIAOAs COBOKYMHOCTb
3HaYCHUU (PYHKIIMH B y3JIaX CETKHU.

JUIst KaKJI0TO y3J71a CETKM MOYKHO TMOJYYUTh PA3HOCTHBIN aHAJIOT ypaBHEHUS
( 1 ), a COBOKymHOCTh ypaBHEHUH [UIsi BCEX Y3JIOB CETKH OOpa3yroT
B3aMMOCBS3aHHYIO CHCTEMY alreOpandeckux ypaBHEHHH OTHOCHTEIBHO Y3JIOBBIX
3HaueHud QpyHKmu. Tak kKak ucxomanoe auddhepeHImaibHOe ypaBHEHUE SBISICTCS
JUHEHHBIM, TO W  PA3HOCTHBIE  YpPaBHEHHsA  SBISAIOTCS  JIMHEWHBIMU
anreOpanyecKuMH ypaBHEHHUSIMH.



VYpasaenue ( 1) MOMKHO OBITH JOMOJHEHO YPaBHEHUSIMH, OTPAKAIOIIUMU
HayaJbHbIE M KpaeBble YCJIOBHUS 3a7aud. DT YpPaBHEHHUs JOJKHBI OBITH TaKkKe
JTUCKPETU3UPOBAHBI UM BMECTE€ C Y3JOBBIMH YPAaBHEHHUSIMH OOpa3yloT MOJHYIO
CUCTEMY YPaBHEHMUIA.

Petenue cucteMbl ypaBHEHUN ONpeIesieT 3HaYEHUsI CETOUHON (QyHKIINH,
YTO SBJIAETCS MPUOMKEHHBIM PEIICHUEM 3a/1a4u.

B oOnactu 4YHCIEHHBIX METOJOB HMEIOTCS TIIyOOKHE TEOpPETHUYECKHE
UCCJIEIOBAHMS, HAOOp JOKAa3aHHBIX METOJOB pEIICHHs 337a4 pa3HbIX KIACCOB,
co3gaHbl W anpoOHWpOBaHbl  pa3JIMYHbIE  AJTOPUTMBI,  pPEaTU30BaHbI
BBIYHCIIUTEIBHBIE IPOTPAMMBI U KOMIUIEKCHI B BUAE MAKETOB IPOrPAMM.

B HacTosiiee BpeMsl BBIYMCIMTENIBHBIE METOJbl IIMPOKO OPHEHTHPOBAHBI Ha
npumeHeHue 9BM, U HE3aBUCHMO OT CJIOYKHOCTH 33J1a4¥ JTUMUTHUPOBAHO TOJIBKO
TEXHUYECKUMHU BO3MOKHOCTAMU DBM, HX OBICTPOIEHCTBHEM, TAMSTHIO.
PasmepHocTh 3amad  JIOCTUTaeT OOJIBIION BEIWYMHBI, TOYHOCTb pEIICHUS
COIIOCTAaBMMa C TOYHOCTBIO TEOPETUUECKUX PELICHUMN.

Mexnay KIacCMYECKUMH TEOPETHUYECKMMU W YHCICHHBIMH METOJaMH
HaxodaTcsl  nuddepeHnmanbHO-pa3sHOCTHRIE MeTonabl. Ecnum  auMckperusanus
IIPOUCXOJUT TIO OJHOM IIEPEMEHHOM , HAmpHUMep, X, a Apyras nepemeHHas — t
paccMaTpuBaeTcsi KaK HENpepblBHAsg, TO CETOYHas O0JacTb BBIPOXKAAETCA B
aHcaMmOJIb JTUHUM, TapajuieNbHBIX ocu t. B manpHeimem ancamOib 3TUX JUHUH,
COOTBETCTBYIOIIUX JHCKPETHBIM 3HAYEHUSIM T[EPEMEHHOM X, OyIeM Takxe
Ha3pBaTh ceTkod, a ¢ynkouu Ui(t) (i=1, 2, ...n ), npeacTaBiIsAIONIKEC
muddepeHIanTbHO-pa3HOCTHBIN aHamor GyHKIuU U(X,t) - ceTouHoi (hyHKIHEH.
Takum o0pa3om, ceroyHass (YHKIMS NPEICTaBIACT COOOW KOHEYHOE YHCIIO
(yHKUMA, SBISIOMIMXCSA HEIPEPHIBHBIMA OTHOCUTEIHO BPEMEHHOM NEPEMEHHOM t.

Jpyrum BapHaHTOM AMCKPETU3aLUU SIBJISETCA AUCKPETHOE IMPEACTABICHUE
110 BPEMEHHOW KOOPJWHATE M HEMPEPBIBHOE MPEACTABICHUE 110 TEOMETPUUIECKOMN
KoopauHate X. B aToMm ciydae cetouyHas (yHKUUS SIBISETCS HENPEPBIBHOM IO
IIEPEMEHHOU X.

JuddepeHnnanbHO-pa3HOCTHBIE METO/IbI M0 CPABHEHUIO C KIACCHYECKUMU
YUCIEHHBIMA METOJaMH MOAJAI0TCs Ooyiee TMOJHOMY HCCIEIO0BAaHUIO, TaK Kak
CBOJUTCS K PEHICHUIO 3aJay, OINHCHIBAEMBIX CHUCTEMON Iu((depeHInaTIbHbIX
YPaBHEHUH MEPBOIO MOPAJIKA, TEOPETUYECKOE U MTPAKTUYECKOE PEIIEHNE KOTOPBIX
JIOCTAaTOYHO H3y4ye€HO M 00ocHOBaHO. Kpome TOro, pasMepHOCTb YypaBHEHUU
3HAYUTENBHO CHUYKAETCS, YTO YIIPOILIAET PEIICHHE 3a0a4H.

Paccmotpum Bapuanr 1.

Cerouynast 00yiacTh mpeacTaBiI€HAa HA0OPOM JIMHUM, MapajliedbHBIX OCH
BpeMeHH t. bonee mpocThie U TOYHBIE 3aBUCUMOCTH TOJIYyHYarOTCsl, €CIIM PACCTOSIHUSA
MEXIy JMHUSAMH OJIMHAKOBBI, TO €CTh ILIAr AUCKPETU3ALMUU MO OCU X SBISETCS
NOCTOSHHBIM. Takas ceTKa Ha3bIBAETCS PEryJSIPHOM M OIHKCHIBAETCA OIHUM
napameTpom —imarom |1=L/(n-1), rae |, L — cOOTBETCTBEHHO BeIMYMHA WHTEpPBaja
MEXIYy COCETHUMHU JINHUSIMH, a N — YUCJIO UHTEPBAJIOB.



e to

Puc. 1

Tounocth alIlIIpOKCUMAallnn 3daBUCUT OoT ImapamecTpa I u OLICHUBACTCA
IMOTPCIIHOCTBIO IICPBOI'O YJICHA 0T6pOH_ICHHOI>'I yacTH OECKOHEYHOI'0O paaa
u(x)is1 =Y. I' duy/ox' Ij!, (2)
=0

MPEACTABIIAIONIEro co00M pasznoxkenue B psif Teitnopa GyHKIUHU Uj.q, OTCTOSIIEH
Ha paccTosiHUHU | OT TOUKM, B KOTOPOH (PYHKIIHS OIpeiesieHa KakK U;.

Ecnu B 6eckoHeuyHOM psifie 0OTOpachIBaeTCs 4YacTh, HAUMHAIOIIASICS CO CIaraeMoro
I" 8*uy/ox" /K!, To cumTaeTcs, YTO AMIPOKCHMALHS MPOU3BOIHUTCS C TOYHOCTHIO
MopsAKa O(I). Tak kax I<1, To IpU YIAEpKAaHUHM B psAne OOJbUIEr0 KOJIUMYECTBA
YJIEHOB MOJKHO J00OUTbCS Oonblllel TOYHOCTH anmpokcumanuu. OnHako
YBEJIIMYEHUE TOYHOCTH BIIEUET 32 OO0 HEOOXOIUMOCTh YBEIMYEHHs KOJIMYECTBA
COCEHMX TOYEK, BIMSIONIMX Ha pacyeTHble (OpPMYyNbl, CBSI3BIBAIOLIUE
IIPOM3BOJHBIE U Y3JIOBbIE 3HAUEHUS QYHKIIHI.

Ipu muckperusauun ypasuenus ( 1 ) Bvecto 9°U(X,1)/0X° HEOOXOIHMMO
BBECTH NpuUOIMKEHHOE BblpakeHue. Haubosee mpoctas anmpokcuMmaius
JOCTUTAETCs, €CIM BTOPYI MPOU3BOAHYIO IMpPEACTaBUTh B BUJIEC JIMHEHHOU
KOMOMHaIMU TpeX (PyHKIIUI

d?ui/dx® =(uig -2u; +uiy +O(1%)/ P (1<i<n). (3)

Tounocts Qopmymbl ompenenseTcss BEIMYWHON TOTPEIIHOCTH TEPBOTO
arena O(I°) or6pomenmoii wactm psima, a cama (oOpMylda HOCHT Ha3BaHHE
TPEXWIEHHOMW, TaK KaK YYHTHIBACT TOJBKO TPH CJIaraeMbIX CETOYHOW (DYHKIIHH.
®opmyna ( 3 ) npuMeHUMa TOJIBKO MPU 3HAYCHUSAX WHJIEKCA B Jauana3zone 1<i<n u
HE MPUMEHHMA JUIsl 3HaueHud i1=1 u I=N, Tak KaK NpH STHX 3HAYCHUSIX B MPABOIl
gacTl (HOPMYJBI TMOSBISIOTCA Wi€Hbl U, U Ups, KOTOpPBIE HE OTHOCSATCS K
paccMaTpuBaeMOMY MPOCTPAHCTBY ceTouHoW (yHKuuu. [loatomy s nuaumin i=1
M i=N HeOoOXOAMMO YCTaHOBHTH apyrue 3aBucumoctd ams  d°uif/dx®. Tlpwm
UCIOJIb30BaHUU TPEXTOUEUHOU (POPMYIIBI OTydaeM

d?uy/dx® =(uy — 2 Uy + ug)/1* +O(I)



d?un/dx® =(Up — 2 Ung + Unp)/I? +O(1). (4)
®opmynel ( 4 ) ABIAIOTCA MEHEE TOYHBIMU IO cpaBHeHUIO ¢ ( 3), Tak Kak
OCTAaTOYHBIC YIEHBI B HUX UMEIOT MHOXKHTEIb, MOPAIOK KOTOPHIX HAa CIUHUILY
MeHbIIe, ueM B ¢opmyiie ( 3). CoBMeCTHOE pelieHne ypaBHEHUH ¢ IPUMEHEHUEM
dbopmyn ( 3 ) u ( 4 ) HexeIaTeIbHO, TaK KaK UX TOYHOCTh MMEET Pa3IWYHbIN
nopsifok. Iloaromy menecooOpasHee sl STUX JIMHUK TMOJYYHTH OOjiee TOYHBIC
anmpoKkcuMupytone GopmMyisl. Tak, MpUMEHSS I STUX JTUHUN MATUTOYCUHYTO
dbopmyy, uMeeM
d?u,/dx* =(2,916667 u; -26/3 up + 9,5 us -14/3 u, +0,916667 us +O(1%))/1* (5)
d?un/dx? =(2,916667 U, —26/3 Un.q +9,5 Unp -14/3 Uy +0,916667 un.q +O(19))/I%.

[oxcrasmsas B ypaBHeHue ( 1 ) COOTBETCTBEHHO BMecTO O-U(X,t)/dX*
BeipakeHnst ( 3 ) u (5 ) momydaem nuddepeHIaIbHO-pa3HOCTHRIM aHaJIoT
ypaBHeHus (1 ).

[{enecooOpa3HO MPEACTaBUTh ATH YPAaBHEHUSI B MATPUIHOMN opme

du/dt=AU, (6)
rae U=[ui Uy, ..., Ui, ..., U] — BEKTOp MCKOMBIX (DYHKIHiI pa3MEpHOCTEIO N,
dU/dt =[du,/dt, du,/dt, ..., du,/dt]'— BekTOp MPOM3BOAHBIX HCKOMBIX (DYHKIIHIA,
A-xBampaTHass ~ MaTpulla  pa3MEPHOCTBIO NXN ¢ TOCTOSIHHBIMU
K03 dunmeHTamMu, eciu MocTosHHBI Koapdumuentsl D u K ypaBHeHHs
(1), nmpu nepemeHHOCTH 3TUX KO3P(ULIHUEHTOB A SABIISIETCS ONIEPATOPOM.

1 2 3 4
2,916667 DI(I*I) —k -26/ 3/DI(I*1) 9,5 D/(I*1) -14/3 DI(I*1) .
DI(I*1) -2 DI(I*1) D/(I*1)

DI(*) -2 DI(I*I) DI(I*])

........................................................................................

.........................................................................................

DI(I*)  -2DI(I*I)  DI(I*I)
DI(I*) -2 DI(I*I) D/(I*1)
-14/3 DI(I*I) 9,5 D/(I*I) -26/3/DI(I*1) 2,916667 D/(I*1) —k

Martpuna  uMeeT — peryisipHyr  CTPYKTypy M JIETKO  MOAJAETCs
aBTOMATU3UPOBAHHOMY (POPMHPOBAHHUIO, YTO M HEOOXOJUMO B JalbHEHIIEM IpH
YUCJICHHOM peanu3aluu.



Jnst  pemenus  ypaBHeHUs (5 ) HEOOXOOMMO  TIPEIBAPUTEITHHO
copMyIHpOBaTh HadaJbHBIC YCJIOBUS 3a7aud M perieHue ypaBHeHus ( 5 )
MOAYMHUTH STUM YCIOBUSIM.

bynem cuutath, uTo AM(PGY3UOHHBIN TOTOK PACHPOCTPAHSIETCS BIOJIb OCH X

OJIHOMEPHOT0 00BEKTa U B3aMMOJICUCTBYET C MATEPUAIIOM TOJBKO MpH X=0, pu
0<x<L nuddy3uoHHBI! TOTOK C MaTepHUaIOM HE B3aUMOJICHCTBYET.
Takum o00pa3om, B HayajdbHBII MOMEHT BpeMeHu t=0 moikeH ObITH 3a/aH
muddy3nonabii MOToK U(t)=o, TO €CTh JOIKHBI OBITh 3aJaHBI BCE KOMITOHCHTHI
Bektopa U. B HauanbHBI MOMEHT BpeMeHH AU(PPY3HOHHBIM MOTOK B KOHEYHOM
3HaYEHUH TeOMETpUYeckoro uHTepBana X=L ( kak u mpu m000M 3HAYEHUU
F€OMETPUYECKON MMEPEMEHHON X, KpOME€ HYyJId) PaBeH HYII0, a B OCTaJbHbIC
MOMEHTHI BpeMeHH (t>0) Hen3BeCTeH U MOICKUT OIPEICIICHHIO.

BrInonHss 4MCiIEHHOE MHTErPUPOBaHUe ypaBHEHUA ( 5 ) B Ipeaenax
BpeMeHHOoTro uHTepBaia 0 <t < t, moxyyaeM BekTop AU HY3MOHHOTO MOTOKA MPHU
t=t, 1151 Bcex MuHUM ceTouHoM ¢yHkuuu rnpu X=L. Takum oOpazom, JaHHBIN
BEKTOp OIMKCHIBAET 3aBUCUMOCThH U3MEHEHUSI TU(PPy3nOHHOTO MOTOKA O JITTUHE
r€OMETPUYECKOT0 HHTEPBasa (TONIIMHE TJICHKU) B MOMEHT t=t,.

N3mensiss mporpamMmMHO mnapamerp t=t,, MOXHO MNpOCIEAUTH IUHAMUKY
T (y3MOHHOTO TMpoliecca TO TOJIIMHE MaTepuaiga U ONPEAeNIUTh BpeMs
JNOCTHXKEHUST TU(PPY3MOHHBIM MOTOKOM KOHIEBOTO 3HAYEHUSI F€OMETPHUYECKOIrO
UMHTEpBaja M pOCT 3HA4YeHW mnortoka mpu X=L ( To ecTh Ha BHYTpEHHEU
NOBEPXHOCTU IUIEHKH) 1O JOCTHXKEHHS JOMYCTUMOIo YpoBHA. M3meHss
reoMeTpUYECKUil mapameTp o0bekTa ( TOJMIMHY MOJIMMEPHOTO MaTepuasa), MOKHO
MOJIYYHUTh MOJHOE HCCIENOBaHUE TpoLeccoB AUPGy3Un ISl JAHHOTO MaTepuaia.

Ecnu nuddy3noHHBIH MOTOK, B3aUMOICHCTBYIOIINNA ¢ MaTepuasioM mpu X=0,
U3MEHSETCS BO BpPEMEHH, TO B TIPOLECCE YUCICHHOTO WHTErPUPOBAHUS
HEOOXOIMMO ydecTh J(h(PEKT B3aUMOJICHCTBUS IEPEMEHHOTO IIOTOKAa C
MaTepUaioM B KaXJblii MOMEHT BPEMEHH.

J171st TIOBBITIIEHUST TOYHOCTH YUCJICHHOTO perieHus: ypaBHeHuit nudys3uu B
mporpaMme  aBTOMATU3UPOBAHHOTO pacueTra TNpeajiokeHa Oojiee  TOYHas
anmpokcumaiuss (yHKIUA TOTOKAa HAa OCHOBE ISITUTOYEHYHOW 3a]adyd. DTO HE
BIIMSET HA PA3MEPHOCTH 33J]a4M, BPEMSI pacyeTa M HE YCIOKHSIET pEIICHHE, Jeas
MaTpuily A ypaBHeHus ( 5 ) 6ojee mIoTHOM.

PaccmoTpum Bapuanr 2.

Cerounas ¢pyHKUHMA peAcTaBiIeHa HAOOPOM JTUHUH, TapATIIEIbHBIX OCH X.
JIuHuM pacrosno’KeHbl Ha OJIMHAKOBOM PAacCTOSHMM APYr OT Jpyra, paBHOM
=t /(m-1).



To

Puc.2
Jns  Tpéx TOYEUHOM 3ajauyd TMepBasi MPOU3BOAHAS  ANMMPOKCUMUPYETCS
BBIpaKEHUEM
Bu(x,1)/0t=(u(X)is1 — U(X)i.1)/(2 7) + 0(c°) (L<i<m). (7)

[ToacranoBka ( 7 ) B ypaBHeHue ( 1 ) gaét onHopoaHoe auddepeHnnaibHoe

ypaBHEHHE BTOPOTO MOPAIKA
D d®u(x)i/dx® -k u(x); - u(X)is2/(2 1) + u(X)i-1/(2 7). (8)

Tak kak B [JanbHEWIIEM CHCTEMa YPaBHEHHMM BTOPOTO JOJKHA OBITH
npuBefeHa K cucteMe auddepeHnnanbHbIX ypaBHEHUN TEPBOTO MOPSIKA, TO
BBeIEM HOBBIE (DYHKIIMHM, CBSI3aHHBIE C CETOYHOM (yHKIMEH u e€ 4YacTHOU
MPOU3BOJHOM MO TEOMETPUUYECKON IEPEMEHHON X COOTHOIIEHUSIMU

Yi=Us; Y,=du,/dx;
Yi=Ui; Yia=dui/dXx.
C yu€TtoM BBEACHHBIX paBEHCTB ypaBHeHHE ( &) 3aMEHUM Ha CHUCTEMY
HKBUBAJICHTHBIX YPaBHEHUM
dysi. /dX=ys;,
dy.i/dx= K/D Ysi.1 + Y2i+1/(2 T D) — ¥2i1/(2 T D). (9)
(1<i<m)

Tak xak ypaBHenue ( 7 ) HE NMPHUTOTHO JUIS JUHHUK I=1 W =M, TO 3TH
ypaBHEHUSI HEOOXOIUMO JOMOJHUTH JBYMS YPaBHCHHSMH, COOTBETCTBYIOIIUX
3HaYeHusAM =1 u =M. YToObl COXpaHUTh TOYHOCTH AMMPOKCUMAI[MH HA YPOBHE
dbopmysl ( 7 ), IPUMEHUM MATUTOYCUHYIO HOPMYITY
du,/dx=(-25/12 uy + 4 u, -3 uz + 4/3 u, -1/4 us)/ t© +0(7°),

dup/dx= (25/12 Uy — 4 Uy #3 Umo - 4/3 Uz +1/4 Upg) [ T +O(r2). (10)



Ha ocnoBe ypaBuenuii ( 10 ) dopmupyrorcs 4 ypaBHEHHS, aHAJIOTUYHBIE
ypaBHeHUsM ( 9 ).

OObenuHsAs BCe TOJYYCHHBbIC ypaBHEHHUs i (yHKImiA Yi(X), moiydaem
cucteMy auddepeHIMaIbHbIX YpaBHEHUN TMEPBON CTENEHU pa3MEepHOCTH (2M X
2mM) B MaTpu4HOU popme

dY/dx=BY, (11)
rne Y = [V, Y2, --.Yis --sYome1, Yom | —BEKTOP NEPEMEHHBIX, COACPKAMUX (YHKITHH
IIOTOKA U €€ MPOU3BOJHOM 110 T€OMETPUYECKON NIEPEMEHHON IS JIMHUM CETOYHOU
o0acTu,
dY/dx = [ dy,/dx, dy,/dx,..., dyi/dx,...,dYom-1/dX, dom/dX]" — BEKTOP, MPOW3BO/THBIH
oT BekTopa Y,

B — kBagpartHas maTpuiia pa3MepHOCTH (2M X 2mM), uMeroIas BU
s 1=1 1Be CTpOKH

1 2 3 4 5 6 7 8 9
kk-25/12/(D 1) ' 4/(D1) 3/(Dt) -4/(D71) 1/4/(D7)
st 1< <m
1 2 3 4 5 6 7 8 9 I i+l i+2 i+3 i+4
1/2/(D ) ' k/(D 1) -1/2/(D 1)
1/2/(D 1) ' k/(D 1) -1/2/(D 1)

12(Dt)  ki(D1) -1/2/(D 7).

1/2/(D1)  K/(D 1) -1/2/(D 1)

JUIS I=M IBE CTPOKH

2m-9 2m-8 2m-7 2m-6 2m-5 2m-4  2m-3 2m-2 2m-1 2m

1
1/4/(Dt)  4/(D 1) -3/(D 1) 4/(D 1) 25/12/(D 1)

VYpaBuenue ( 11 ) uHTerpupyercss YUCIEHHO C JUCKPETHBIM IIaroM
VHTETPUPOBAHUS 110 TEOMETPUUECKON HE3aBUCUMOM IIEPEMEHHON B UHTEpBAe




0< x <L npu noAYnHEHNH PEIICHUS KPAEBbIM YCIOBHUSM 33IaUH.

KpaeBble ycrioBus 3a1aun MOTYT ObITh Pa3IM4YHbIM 00pa30M.

Hanpumep, nipu 3HaueHusix aprymeHTa X=0 MOYKHO 3a/1aThb 3HAYEHUS BCEX
KOMITOHEHT BekTopa Y, 4yTO (PU3MUECKH COOTBETCTBYET 3a/IaHUIO 3HAYECHUMN MMOTOKA
Y €ro MPOU3BOAHON MO apryMEHTY JJI BCEX JIMHUI CETKH

ui(x=0)=u;(0), du;/dx(x=0)=du;(0)/dx.
Jlpyroy BapuaHT KpaeBbIX YCIOBUMI
Ui(x=0)=ui(0), ui(x=L)=ui(L)
¢dusznyecky o3HavaeT 3aJaHNe 3HAYCHUN (PYHKIIMH MTOTOKA JUIS BCEX JIMHUN CETKU
npu X=0 u X=L.

KpaeBbie ycrmoBusi B caMoM 00IIeM BHAE MOTYT OBITh 3aJaHbl B BHUJE
JUHEWHBIX KOMOMHANWK (QYHKIMH TIOTOKa M €€ TepBOW MPOM3BOJAHON B
Ha4yaJbHOM M KOHEYHOM 3HAYEHUH MHTEPBAJIA HUHTETPUPOBAHUS.

UucneHHOE pELICHHE BBIMOJIHAECTCS NPOTPAMMHO, B PE3YJIbTATE PELICHUS
NOJTyY€Hbl 3HauU€HUsl BeKTopa Y mpu X=L i BceX JUHUNA CETKH, YTO MO3BOJIAET
OLIEHUTh U3MEHEHHE MOTOKA U €ro MPOM3BOJHON ITpHU X=L Bo BpemeHu.

W3meHsisi yucioBble 3HaueHUs napamerpa L, MOXKHO OLEHUTh BIHSHUE
TOJILIMHBI MaTepuaia Ha AMHAMUKY AU(PHY3HOHHOTO HpoIiecca.

Tax kak ucxomHass uHpopmanus o AUPPY3MOHHOM IIOTOKE CBfA3aHA C
KpAacBbIMU YCJIOBUSAMM 3aJaud, TO MEHAA XapaKTEPUCTUKU IIOTOKA MOKHO
MPOBECTH aHaIM3 IU(PY3MOHHOrO mIpolecca B Marepuane B 3aBUCHUMOCTU OT
XapaKTEpUCTUYECKUX NTOKA3aTEIEN ITOTOKA.

O(pekTUBHOCT NPUMEHEHUS YHUCIEHHBIX METOJOB  HCCIIEOBaHUS
T (Py3MOHHBIX MPOLIECCOB BO3pacTaeT IO MeEpPE YCIOKHEHUS HCXOIHBIX
YpaBHEHUH, a TaKKe CTPYKTYpbl MaTepuayia. DTO OTpa3uTcsi Ha (POPMHUPOBAHUSA
MaTtpul] ypaBHeHus A u B, HO He oTpa3uTcs Ha METOIE pacyerTa.

Ecnmu u3meHeHuss B CTPYKType ypaBHEHUW HE HU3MEHSIOT €ro JIMHEHMHBIN
Xapakrep, TO METOAUKAa pacyera coxpaHsdercs. Ecin UCXOIHbIE YpaBHEHHUs
TpaHC(OPMHUPYIOTCS B HEJIMHEHHBIE, TO MNpHUIETCS OoJiee CIOXKHBIM 00pa3oM
BBIIIOJIHATD NPOLENYPY YUCIEHHOTO MHTETPUPOBAHNs, HO JTa 3a/1a4a pelaeMa.
Ecaim  Menserca  CTpyKTypa  Marepuallia, Hampumep, paccMaTpuBacTCs
MHOI'OCJIOWHBIA MaTepual, TO METOAMKA pacyeTra COXPAHAETCH, a YCIOKHEHUE
KOCHETCSI TOJIBKO (POPMHUPOBAHUS MATPHUL] yPAaBHEHHIA.
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